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Abstract. The cycle double cover conjecture states that every bridgeless graph has a list of
cycles such that every edge is in exactly two of them. In July 2026, OpenAI announced a proof.
This exposition presents the proof with slight modifications intended to make it more accessible.

1. Introduction

A graph is Eulerian if every vertex has even degree. A cycle of a graph is a 2-regular con-
nected subgraph.

A cycle double cover (CDC) is a list of cycles such that every edge is in exactly two of them.
Since every Eulerian subgraph can be decomposed into pairwise edge-disjoint cycles, for the
existence of a cycle double cover, it is equivalent to define a cycle double cover as a list of
Eulerian subgraphs such that every edge is in exactly two of them.

A bridge of a graph is an edge whose deletion increases the number of components. Ob-
serve that a bridge is not in any cycle. Thus to have a cycle double cover, it is necessary to be
bridgeless.

This note is to discuss a proof of the cycle double cover conjecture, announced by Ope-
nAI [15].

Theorem 1. Every bridgeless graph has a cycle double cover.

According to Zhang [22, 23], this conjecture was independently stated by Seymour [17] for
all bridgeless graphs and Szekeres [19] for all bridgeless cubic graphs. An equivalent version
was stated by Itai and Rodeh [8].

One of the motivations to study the cycle double cover conjecture was the following stronger
conjecture on embeddings of graphs. An embedding of a graph on a surface is a drawing of G
on the surface such that no two edges cross. An embedding is called a 2-cell embedding if every
face is homeomorphic to an open disk. A strong embedding of a graph G on a surface Σ is a
2-cell embedding such that every face boundary is a cycle of G.

Conjecture 2 (Strong Embedding Conjecture). Every 2-connected graph has a strong embed-
ding on a surface.

Conjecture 2 implies Theorem 1, just by first reducing to 2-connected graphs and taking all
face boundaries. Conjecture 2 remains open. For more about the cycle double cover conjecture,
survey papers and books were written by Jaeger [10], Zhang [22, 23, 21], and Chan [4].

The proof presented in this note is due to GPT 5.6 announced by OpenAI [15] in July 2026.
The proof was modified mainly in two parts.

• The choice of two values of F3
2 at each edge is now symmetric. We do not choose a

particular edge at each vertex.

Discrete Mathematics Group, Institute for Basic Science (IBS), Daejeon, South Korea
E-mail address: sangil@ibs.re.kr.
Date: July 17, 2026.
Supported by the Institute for Basic Science (IBS-R029-C1).

1



2 A PROOF OF THE CYCLE DOUBLE COVER CONJECTURE BY OPENAI: AN EXPOSITION

• The linear algebra proof is done without using dual vector spaces and is based on an
elementary fact that the column space of a matrix is the orthogonal complement of its
left null space.

Our goal is to present the whole proof in mostly self-contained manner, which would be suit-
able to teach the proof to advanced undergraduate students. We will only assume two theorems:
Fleischner’s splitting lemma and a theorem on packing spanning trees. We allow parallel edges
and loops in graphs.

The last section will discuss more conjectures related to the cycle double cover conjecture.

Statement of AI use. Parts of the revision were carried out with GPT 5.6 under the author’s
guidance.

2. Splitting lemma

For an integer k, a graph G with at least two vertices is k-edge-connected if for every X ⊆
V (G) with 0 < |X| < |V (G)|, G has at least k edges having one end in X and the other end in
V (G) \X . We omit the proof of the following lemma.

Lemma 3 (Fleischner’s splitting lemma [6, Lemma III.26]). LetG be a 2-edge-connected graph,
let v be a vertex of degree at least four, and let e1, e2, e3 be distinct edges incident with v. For
each i, let vi be the other end of ei. If G− {e1, e2, e3} is connected, then at least one of

(G− {e1, e2}) + v1v2 and (G− {e2, e3}) + v2v3

is 2-edge-connected.

If G is 3-edge-connected and d(v) ≥ 4, then the three edges in Lemma 3 can always be
chosen. If G− v is connected, a spanning tree of G− v together with one edge incident with v
is a spanning tree of G that omits at least three edges incident with v. If G− v is disconnected,
every component of G − v sends at least three edges to v. Taking a spanning tree in each
component and one edge from that component to v again gives a spanning tree of G that omits
at least three edges incident with v. Any three such omitted edges have the required property.

3. Minimum counterexample to the cycle double cover conjecture

We say a graph is cubic if every vertex has degree 3. The following reduction is well known,
see Zhang [22].

Proposition 4. The cycle double cover conjecture is true if and only if it is true for cubic 3-
edge-connected graphs.

Proof. Suppose the cycle double cover conjecture is false, and let G be a counterexample with
|E(G)| minimum. Deleting a loop and covering it twice shows that G has no loops, and con-
sidering components shows that G is connected.

We first show thatG is 3-edge-connected. Otherwise it has a 2-edge-cut {e1, e2}. Contract e1,
and let w be the resulting vertex. Contraction cannot create a bridge, so G/e1 is a smaller
bridgeless graph and hence has a cycle double cover C by minimality.

Consider the two shores of G−{e1, e2}. If e2 is not a loop in G/e1, a cycle of C containing e2
passes throughw from one shore to the other, and a cycle not containing e2 cannot do so. Splitw
back into the ends of e1 and insert e1 into the two cycle occurrences containing e2; all other cycles
lift unchanged. If e2 is a loop in G/e1, replace its two occurrences instead by two copies of the
2-cycle formed by e1 and e2. In either case we obtain a cycle double cover of G, a contradiction.
Thus G is 3-edge-connected.

Suppose that d(v) ≥ 4 for some vertex v. Choose e1, e2, e3 as above and apply Lemma 3. Let
H be the resulting 2-edge-connected graph with |E(H)| < |E(G)|, so by minimality it has a
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cycle double cover. Replacing each occurrence of its new edge by the corresponding two-edge
path through v, and decomposing closed trails into cycles if necessary, gives a cycle double
cover of G, a contradiction. Hence G is cubic. □

4. Disjoint spanning trees

Theorem 5 (Tutte [20] and Nash-Williams [14]). A graph G has t edge-disjoint spanning trees
if and only if for every partition V1, . . . , Vm of V (G) with nonempty parts, there are at least
t(m− 1) edges joining distinct parts.

One of the easiest ways to prove Theorem 5 is to use the matroid union theorem. There are
purely graph-theoretic proofs known [13]. We omit its proof.

Corollary 6. If G is 2k-edge-connected, then G has k edge-disjoint spanning trees.

Proof. Let V1, . . . , Vm be a partition of V (G) with nonempty parts. Each set Vi has at least 2k
edges in its edge boundary. When summing these for all i, we count each crossing edge twice.
Therefore, the number of edges joining distinct parts of V1, . . . , Vm is at least km, which is at
least k(m− 1). □

Jaeger [12, 9] proved that every 2-edge-connected graph has a nowhere-zeroZ3
2-flow by using

Theorem 5. Here I would like to write its main idea, without mentioning the nowhere-zero 8-
flows.

Lemma 7. Let G be a 3-edge-connected graph. Then there are three spanning trees T1, T2, T3

such that E(T1) ∩ E(T2) ∩ E(T3) = ∅.

Proof. Let G′ be a graph obtained from G by adding a parallel copy of every edge so that
|E(G′)| = 2 |E(G)|. Then G′ is 6-edge-connected. By Corollary 6, G′ has three edge-disjoint
spanning trees T ′

1, T ′
2, T ′

3. Those three spanning trees correspond to spanning trees T1, T2, T3

of G such that no edge belongs to all three of them at the same time. □

For a vertex v of a graph G, let δ(v) = {e ∈ E(G) : v is an end of e}.

Lemma 8. Let T be a spanning tree of a graph G. Then there is a set F of edges of G such that
E(G) \ E(T ) ⊆ F and |F ∩ δ(v)| is even for every vertex v of G.

Proof. For every e ∈ E(G) \ E(T ), there is a cycle Ce in T + e. Define

F = △
e∈E(G)\E(T )

E(Ce),

which is the set of all edges in an odd number of Ce’s. Now the conclusion follows. □

For an abelian group Γ, a nowhere-zero Γ-flow of a graph G is a function ϕ : E(G⃗) → Γ

for an orientation G⃗ of G such that
∑

e∈δ+(v) ϕ(e) =
∑

e∈δ−(v) ϕ(e) for every vertex v of G and
ϕ(e) ̸= 0 for all edges e of G. If x = −x for every x ∈ Γ, then there is no need to specify an
orientation, as in our setting.

Theorem 9 (Jaeger [12, 9]). Every 2-edge-connected graph has a nowhere-zero Z3
2-flow.

We only need its special case.

Lemma 10 (Jaeger [12, 9]; weaker). Every 3-edge-connected graph has a nowhere-zero Z3
2-

flow.
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Proof. By Lemma 7, choose spanning trees T1, T2, T3 such that E(T1) ∩ E(T2) ∩ E(T3) = ∅.
For each i ∈ {1, 2, 3}, Lemma 8 gives a set Fi ⊆ E(G) containing E(G) \ E(Ti) and having
even degree at every vertex. Let ϕi be the characteristic function of Fi and define

ϕ : E(G) −→ Z3
2, ϕ(e) =

ϕ1(e)
ϕ2(e)
ϕ3(e)

 .

Each coordinate sums to zero at every vertex. Moreover, every edge e is omitted by some Ti

and hence belongs to Fi. Thus ϕ(e) ̸= 0, so ϕ is a nowhere-zero Z3
2-flow. □

5. Building a cycle double cover

Lemma 11 (Two-element edge labels). Let G be a loopless graph and let Γ be a finite set.
Suppose that every edge e is assigned a two-element set Pe ⊆ Γ such that

|{e ∈ δ(v) : s ∈ Pe}| is even for all v ∈ V (G) and s ∈ Γ.

Then G has a cycle double cover.

Proof. For each s ∈ Γ, let
Hs = {e ∈ E(G) : s ∈ Pe}.

Every vertex has even degree in Hs, so Hs is Eulerian. Every edge belongs to exactly two of
the graphs Hs, since Pe has two elements. Thus all the Hs form a cycle double cover of G. □

Remember that for a subspace W ′ of a vector space W and an element x of W , we have
x+W ′ = {x+ v : v ∈ W ′}. For a vector x in W , let ⟨x⟩ denote the span of x. Let F2 = {0, 1}
be a field with two elements.

Lemma 12 (Flow lifting). LetG be a cubic loopless graph. Let Γ = F3
2. Let ϕ : E(G) → Γ be a

function such that ϕ(e) ̸= 0 for every edge e of G and
∑

e∈δ(v) ϕ(e) = 0 for every vertex v of G.
If there are tv ∈ Γ for all v ∈ V (G) such that for every edge e = uv and all fu ∈ δ(u) \ {e}
and fv ∈ δ(v) \ {e},

tu + tv ∈ (ϕ(fu) + ϕ(fv)) + ⟨ϕ(e)⟩,
then G has a cycle double cover.

Proof. Note that if e, f, g ∈ δ(v) are distinct edges incident with v, then ϕ(e)+ϕ(f)+ϕ(g) = 0
and therefore ϕ(f) + ⟨ϕ(e)⟩ = ϕ(g) + ⟨ϕ(e)⟩. Thus the choice of fu or fv does not change the
value.

For each edge e = uv of G, let Pe = tu + ϕ(fu) + ⟨ϕ(e)⟩. By the choice of tv, we have
Pe = tv + ϕ(fv) + ⟨ϕ(e)⟩ and therefore Pe is well defined. Furthermore, |Pe| = 2.

Observe that for a vertex v with three incident edges e, f , g,
Pe = {tv + ϕ(f), tv + ϕ(g)},
Pf = {tv + ϕ(e), tv + ϕ(g)},
Pg = {tv + ϕ(e), tv + ϕ(f)}.

Now, we apply Lemma 11. □

6. Some linear algebra

For an m× n matrix A over a field F, we write C(A) = {Ax ∈ Fm : x ∈ Fn} for the column
space and ker(AT) = {y ∈ Fm : ATy = 0} for the left nullspace.

Lemma 13 (Column space and left nullspace). Let F be a field and let A be an m × n matrix
over F. With respect to the standard dot product on Fm,

C(A) = ker(AT)⊥.
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Proof. If y ∈ ker(AT), then yTA = 0, so y is orthogonal to every column of A. Thus C(A) ⊆
ker(AT)⊥. The two spaces have the same dimension, namely rankA, and hence they are equal.

□

Proposition 14 (Elementary consistency criterion). Let F be a field, let n ≥ 2 be an integer,
and put W = Fn with the standard dot product. Let G be a graph. For every edge e, let pe be a
nonzero vector in W and let de ∈ W . Then the following are equivalent.

(i) There are vectors tv ∈ W such that

tu + tv ∈ de + ⟨pe⟩ for all e = uv.

(ii) For every family (he)e∈E(G) of vectors in W , if

he · pe = 0 for all e ∈ E(G) and
∑
e∈δ(v)

he = 0 for all v ∈ V (G),

then
∑

e∈E(G) he · de = 0.

Proof. Suppose first that (i) holds, and let (he)e∈E(G) satisfy the two hypotheses in (ii). For each
edge e = uv, choose λe ∈ F such that

tu + tv = de + λepe.

Since he · pe = 0, we have

∑
e∈E(G)

he · de =
∑

e=uv∈E(G)

he · (tu + tv) =
∑

v∈V (G)

 ∑
e∈δ(v)

he

 · tv = 0.

Thus (ii) holds.
Conversely, suppose that (ii) holds. For each edge e, choose a basis re,1, . . . , re,n−1 of ⟨pe⟩⊥ =

{h ∈ W : h · pe = 0}. Let Re be the (n − 1) × n matrix whose i-th row is rTe,i. Since
(⟨pe⟩⊥)⊥ = ⟨pe⟩, condition (i) is equivalent to

Re(tu + tv) = Rede for all e = uv.

Form the block matrix
A ∈ F(n−1)|E(G)|×n|V (G)|

with block rows indexed by e ∈ E(G) and block columns indexed by v ∈ V (G), where

Ae,v =

{
Re if e ∈ δ(v),

0 otherwise.

If t = (tv)v∈V (G) and b = (Rede)e∈E(G), then condition (i) is precisely the solvability of

At = b.

By Lemma 13, it remains to show that b is orthogonal to the left nullspace ker(AT). Take
y = (ye)e∈E(G) ∈ ker(AT), where ye ∈ Fn−1, and put

he = RT
e ye.

Then he ∈ ⟨pe⟩⊥, and the block ofATy indexed by a vertex v is
∑

e∈δ(v) he. Hence
∑

e∈δ(v) he =
0 for every vertex v. By (ii),

yTb =
∑

e∈E(G)

yTe Rede =
∑

e∈E(G)

he · de = 0.

Thus b ∈ ker(AT)⊥ = C(A). Equivalently, At = b has a solution, and hence (i) holds. □
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7. Proof for the cubic 3-edge-connected graphs

Proposition 15. Let G be a cubic 3-edge-connected graph. Then G has a cycle double cover.

Proof of Proposition 15. Put Γ = F3
2. Lemma 10 yields a nowhere-zero Γ-flow ϕ : E(G) → Γ.

If v is an end of an edge e, choose either edge f ∈ δ(v) \ {e} and put cv,e = ϕ(f). The two
choices differ by ϕ(e), so the coset cv,e + ⟨ϕ(e)⟩ is independent of the choice.

For every edge e = uv, put de = cu,e + cv,e. By Lemma 12, it is enough to show that there
are tv ∈ Γ for all v ∈ V (G) such that

(1) tu + tv ∈ de + ⟨ϕ(e)⟩ for all e = uv.

We apply Proposition 14 with F = F2, n = 3, W = Γ, and pe = ϕ(e). Consider any family
(he)e∈E(G) ∈ ΓE(G) satisfying

(2) he · ϕ(e) = 0 for all e ∈ E(G),
∑
e∈δ(v)

he = 0 for all v ∈ V (G).

It remains to prove that
∑

e he · de = 0.
Fix a vertex v and write δ(v) = {e1, e2, e3}. The three values ϕ(ei) are nonzero and pairwise

distinct, and
ϕ(e1) + ϕ(e2) + ϕ(e3) = 0, he1 + he2 + he3 = 0.

Put λ = he2 · ϕ(e1). Using hei · ϕ(ei) = 0 in the two displayed identities gives

he1 · ϕ(e2) = he2 · ϕ(e1) = he3 · ϕ(e1) = λ.

If λ = 1, these equalities show that all three hei are nonzero. If λ = 0, all three lie in the one-
dimensional space ⟨ϕ(e1), ϕ(e2), ϕ(e3)⟩⊥, and their sum is zero, so an even number of them are
nonzero. Thus

λ =
∑
e∈δ(v)

1he ̸=0.

Here, 1he ̸=0 is a function that has value 1 if he ̸= 0 and 0 otherwise. Because changing the
choice of cv,e adds ϕ(e) and he · ϕ(e) = 0, we may compute its dot product using either choice.
Hence

(3)
∑
e∈δ(v)

he · cv,e = he1 · ϕ(e2) + he2 · ϕ(e1) + he3 · ϕ(e1) = λ =
∑
e∈δ(v)

1he ̸=0.

Since de = cu,e + cv,e, summing (3) over all vertices gives∑
e∈E(G)

he · de =
∑

v∈V (G)

∑
e∈δ(v)

he · cv,e =
∑

v∈V (G)

∑
e∈δ(v)

1he ̸=0 = 0.

The last equality holds in F2, because every edge with he ̸= 0 is counted at both ends. By
Proposition 14, the required (tv)v∈V (G) exist. This proves the claim. □

8. Completing the proof

Theorem 1. Every bridgeless graph has a cycle double cover.

Proof. By Proposition 4, it is enough to prove it for cubic 3-edge-connected graphs. Proposi-
tion 15 gives the final contradiction. □
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9. More conjectures

9.1. 5-cycle double cover conjecture. A k-cycle double cover (k-CDC) is a collection of at
most k Eulerian subgraphs such that every edge is in exactly two of them.

The proof of Theorem 1 also yields the following.

Theorem 16. Every bridgeless graph has an 8-cycle double cover.

Since the Peterson graph is not 3-edge-colorable, not all graphs have a 4-cycle double cover
by the following theorem.

Theorem 17 (Jaeger [10]). The following are equivalent for loopless cubic graphs G.
(i) G is 3-edge-colorable.
(ii) G has a 3-cycle double cover.
(iii) G has a 4-cycle double cover.

Proof. (iii)→(ii): IfG has a 4-cycle double coverC1, C2, C3, C4, thenC1△C2, C1△C3, C1△C4

is a 3-cycle double cover.
(ii)→(i): Let C1, C2, C3 be a 3-cycle double cover. Color each edge by the unique index

i ∈ {1, 2, 3} for which e /∈ Ci. At every vertex, each Ci has degree two: its degree is even and
the sum of these three degrees is six. Thus each Ci omits exactly one of the three incident edges.
Since every edge is omitted by exactly one Ci, the three incident edges receive distinct colors.
Hence this is a proper 3-edge-coloring.

(i)→(iii): Let M1,M2,M3 be the three color classes of a proper 3-edge-coloring. They are
perfect matchings forming a partition of E(G). The Eulerian subgraphs

M1△M2, M2△M3, M1△M3

form a 3-cycle double cover: an edge in Mi belongs to precisely the two symmetric differences
containing Mi. This is also a 4-cycle double cover. □

There is a conjecture that one can reduce 8 to 5.

Conjecture 18 (Celmins [3], Preissmann [16]). Every bridgeless graph has a 5-cycle double
cover.

9.2. Orientable cycle double cover conjecture. An orientable cycle double cover of a graphG
is a list of Eulerian subgraphs, each equipped with a directed Eulerian orientation, such that
every edge of G is used exactly once in each direction. An orientable k-cycle double cover of
a graph G is an orientable cycle double cover with at most k Eulerian subgraphs.

Conjecture 19 (Archdeacon [1] and Jaeger [11]). Every bridgeless graph admits an orientable
5-cycle double cover.

Actually, this conjecture would imply the 5-flow conjecture of Tutte.

Lemma 20 (Lemma 13.1.5 in [22]). If a graph G admits an orientable k-cycle double cover,
then it has a nowhere-zero Zk-flow.

Proof. Pad the list with empty directed Eulerian subgraphs, and write it as C1, . . . , Ck. Fix an
arbitrary orientation of G. For each i, let χi be the signed characteristic function of Ci with
respect to this orientation. Since Ci is directed Eulerian, χi is an integer flow. Therefore

ϕ =
k∑

i=1

iχi (mod k)

is a Zk-flow. For each edge e, there are i ̸= j such that Ci and Cj use e in opposite directions.
Hence ϕ(e) = ±(i− j) ̸= 0 in Zk, so ϕ is nowhere-zero. □
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9.3. Berge-Fulkerson conjecture. An m-cycle k-cover is a list of m Eulerian subgraphs such
that every edge belongs to exactly k of them.

Theorem 21 (Bermond, Jackson, and Jaeger [2]). Every bridgeless graph has a 7-cycle 4-cover.

Proof. It suffices to prove the claim for each connected component of G. Thus, after covering
any loops twice, we may assume that G is 2-edge-connected. By Theorem 9, let C1, C2, C3 be
the supports of the three coordinates of a nowhere-zero F3

2-flow. Every edge belongs to at least
one of these Eulerian subgraphs. The seven nonzero linear combinations

C1, C2, C3, C1△C2, C2△C3, C1△C3, C1△C2△C3

form a 7-cycle 4-cover, because every nonzero vector of F3
2 has dot product 1 with exactly four

of the seven nonzero vectors of F3
2. □

By using the 6-flow theorem of Seymour [18], Fan [5] showed the following.

Theorem 22 (Fan [5]). Every bridgeless graph admits a 10-cycle 6-cover.

Conjecture 23 (Berge and Fulkerson [7]). Every bridgeless cubic graph admits 6 perfect match-
ings such that every edge is in exactly two of them.

If we take the complement of each perfect matching, we deduce the following equivalent form
of the conjecture of Berge and Fulkerson.

Conjecture 24 (Berge and Fulkerson [7]). Every bridgeless cubic graph admits a 6-cycle 4-
cover.

References
1. Dan Archdeacon, Face colorings of embedded graphs, J. Graph Theory 8 (1984), no. 3, 387–398. MR 754919
2. Jean-Claude Bermond, Bill Jackson, and François Jaeger, Shortest coverings of graphs with cycles, J. Combin.

Theory Ser. B 35 (1983), no. 3, 297–308. MR 735197
3. Uldis Alfred Celmins, On cubic graphs that do not have an edge-3-colouring, ProQuest LLC, Ann Arbor, MI,

1985, Thesis (Ph.D.)–University of Waterloo (Canada). MR 2634187
4. Melody Chan, A survey of the cycle double cover conjecture, https://www.math.brown.edu/mchan2/

cdc.pdf, 2009.
5. Genghua Fan, Covering graphs by cycles, SIAM J. Discrete Math. 5 (1992), no. 4, 491–496. MR 1186817
6. Herbert Fleischner, Eulerian graphs and related topics. part 1, vol. 1, Annals of Discrete Mathematics, vol. 45,

North-Holland, Amsterdam, 1990.
7. D. R. Fulkerson, Blocking and anti-blocking pairs of polyhedra, Math. Programming 1 (1971), 168–194.

MR 294149
8. Alon Itai and Michael Rodeh, Covering a graph by circuits, Automata, languages and programming (Fifth

Internat. Colloq., Udine, 1978), Lecture Notes in Comput. Sci., vol. 62, Springer, Berlin-New York, 1978,
pp. 289–299. MR 520849

9. F. Jaeger, Flows and generalized coloring theorems in graphs, J. Combin. Theory Ser. B 26 (1979), no. 2,
205–216. MR 532588 (81j:05059)

10. François Jaeger, A survey of the cycle double cover conjecture, Cycles in graphs (Burnaby, B.C., 1982), North-
Holland Math. Stud., vol. 115, North-Holland, Amsterdam, 1985, pp. 1–12. MR 821502

11. , Nowhere-zero flow problems, Selected topics in graph theory, 3, Academic Press, San Diego, CA,
1988, pp. 71–95. MR 1205397

12. François Jaeger, On nowhere-zero flows in multigraphs, Proceedings of the Fifth British Combinatorial Con-
ference (Univ. Aberdeen, Aberdeen, 1975) (Winnipeg, Man.), Utilitas Math., 1976, pp. 373–378. Congressus
Numerantium, No. XV. MR 0395778 (52 #16570)
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